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Motivation
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A loop is terminating

—

there exists a disjunctively well-founded transition invariant [12]
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Transition Relation R_ of a Loop

int main(void) {

e Ru(s,s") =s(i)—s(j) =1as/(i) =s(i) =1 A s'(j) =s(j) +1

3 i=o1; ——

4 i = 10000; loop condition

5 whilg (ijj >= 1) {

° A R (s,s") =3k=1: s(i)-s(j) = 2k-1A /(i) =s(i)~k A S'(j) = s(j) +k
g I‘eturn 0;

10 }
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Disjunctively Well-Founded Transition Invariants

T over-approximates all paths in Rf: R/ <T
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Disjunctively Well-Founded Transition Invariants

T over-approximates all paths in Rj: R/ <T

every T-path is finite: no infinite sg,s1,5,...
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Disjunctively Well-Founded Transition Invariants

T over-approximates all paths in Rf: R/ <T

every T-path is finite: no infinite sg,s1,5,...

The relation T is disjunctively well-founded if it can be divided into
T=Tiu---uUTyh, Wwhere Tq,..., T, are well-founded.
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Format

- entry_type: invariant_set
metadata:
content:
1 int main(void) { - invariant:
2 int i, j; type: loop_invariant
& J e i location:
4 i = 10000; 18m@e R
5 while (I—J &8 1) { Value: “i >= ju
3 Lo k ~ format: c_expression
. ' - 1lnvarilant:
9 type: loop_transition_invariant
q location:
line: 5
value: "\\at(i, AnyPrev) - \\at(j, AnyPrev) > i - j"
format: ext_c_expression

}

return 0;

10 }

Based on software verification witnesses v2.0 [1]
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Construction of Transition Invariants

______________________________________________________________
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Why Transition Invariants?

Marek Jankola

Transition invariants
TerminaTOR [7], ARMC [13]

(Lexicographic) ranking functions

UAuTomizer [9], 2ts [11]

as is

Method 1 ,‘

Safety invariants from the
reduction to reachability

CPAcHECKER [3], camc [6]

Method 2

Termination witness
with
transition invariants

Transition Invariants Revisited: Termination Witnesses and Their Validation

10/28



Method 1: Lexicographic Ranking Functions

RL RL RL

v
v

51 o1 =1L & o1

5, > 5, 5, 5,

03 03 03 - 03
i

Vi<i<k0i(S) > 6i(S') A1<j<i(0;(s) = 6;(s'))

\%
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Method 1: From Ranking Functions to Transition Invariants

Ranking function Lexicographic ranking function
1 int main(void) { 1 int main(void) {
2 int i, j; 2 int x, y;
B 3 x = nondet();
3 j = 1; 4 y = nondet();
4 I =10000; 5 while (x > 08y > 0) {
5 while (i-j >= 1) { 6 if (nondet()) {
6 J = J + 1 7 X =x - 1;
7 =i -1 2 : e[:e= nondet();
8 } 10 y=y-1
9 return 0; T }
10 } 12}
p(s)=s(i)—s()) {po, p1) = (s(X), s(y)
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Method 1: From Ranking Functions to Transition Invariants

Ranking function Lexicographic ranking function
1 int main(void) { 1 int main(void) {
2 int i, j; 2 int x, y;
B 3 x = nondet();
3 j = 1; 4 y = nondet();
4 i = 10000; 5 while (x > 0 &y > 0) {
5 while (i-j >= 1) { 6 if (nondet()) {
6 J = J + 1 7 X =x - 1;
7 =i -1 2 : e[:e= nondet();
8 } 10 y=y-1
9 return 0; 0 }
10 } 12}
p(s)=s(i)—s(j) (o, p1) = (s(X), s(y))
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Method 1: From Ranking Functions to Transition Invariants

Ranking function

Lexicographic ranking function

1 int main(void) { 1 int main(void) {
2 int i, j; 2 int x, vy;
3 i = 9 3 x = nondet();

J. o 4 y = nondet();
4 I =10000; 5 while (x > 0 &y > 0) {
5 while (i-j >= 1) { 6 if (nondet() {
6 IENIRE 7 e
7 i=i-1; 2 . ly = nondet();

else

8 } 10 y=y-1
9 return O; " }
10 } 12}

p(s) =s(i) - s(j)

T(s,s')

Marek Jankola

s(i)=s(j) >s'(i) =s'(j)

(po, p1) = (s(X), S(y))
T(s,8') =s(x) >s'(x) v
(s(x) =s'(x) As(y) >s'(y))
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Method 2: Reduction Approaches

Program P

Termination

Marek Jankola

while (¢)
body; =

saved = false;
prevState = null;

while (¢)

if (saved && prevState == state)

error();

if (!saved &§& nondet())

{ prevState

-

body;

= state; saved = true;

Program

Transformation

Program P’

Reachability

l.<

Reachability

Verifier
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Method 2: Theorem for Reduction Approaches

Safe 1-step Invariant ~ Well-founded transition invariant

____________________________

Marek Jankola Transition Invariants Revisited: Termination Witnesses and Their Validation 14/28



Method 2: From Safe Invariants to Transition Invariants

A reachability verifier proves P’ safe — no

1 int main(void) {

2 int saved = 0; state is revisited — and reports the safe 1-
3oant 1, g step invariant for the loop head:

4 int i, j;

5 3=1 .
6 i = 10000; I=saved=0v_1i-_jJj>1-]
7 while (i-j >= 1) {

8 if (saved &5 _i == 1i &6 _j == j)

9 error();

10 if (!saved &5 nondet()) {

1 _i=1; _j = j; saved = 1;

12 }

13 J=3+1;

14 i=1-1;

15 }

16 return 0;

17}
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Method 2: From Safe Invariants to Transition Invariants

A reachability verifier proves P’ safe — no

1 int main(void) { ] R

2 int saved = 0; state is revisited — and reports the safe 1-
3. Ant 1, 35 step invariant for the loop head:

4 int i, j;

5 3=1 . ..

6 i = 10000; I=saved=0v_1-_j>1-]

7 while (i-j >= 1) {

8 if (saved 86 _i == i 86 _j == j) |nstantiating saved =1yields the transition

9 error();

10 if (!saved && nondet()) { Invariant:

1 _i=1; _j = Jj; saved = 1;

12 } T(s,s") =s(i)-s(j) >s'(i) ~s'()
13 J=3+1

14 i=1-1;

15 }

16 return 0;

17 }
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Validation of Termination Witnesses

Program P

Termination

Marek Jankola

Verifier

____________________________________________________________

True +
Correctness Witness

; Confirmed
T Witness
- valid Unknown
i Transition Invariants alidator
Rejected
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How to Validate a Termination Witness?

Transformation to a reachability witness

TransVer [5] + reachability validator

Method 1
Termination witness
with T —
transition invariant T 2.1 Decreasing set of reachable states
Method 2 implicit rankings [10]
N

2.2 Verification of a program encoding T

any termination verifier

Marek Jankola Transition Invariants Revisited: Termination Witnesses and Their Validation 18/28



Method 1: Validation via Transformation

Transformation
to Reachability

Termination |, Adjust
Witness W |' | Information

_} 1-Step
Transformation

Reachability
Witness W’

Validation Algorithm

/! :
=

Reachability

Validator |

Marek Jankola
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Method 2: General Validation Framework

Given a candidate transition invariant T, we have to

1. see that it is a transition invariant
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Method 2: General Validation Framework

Given a candidate transition invariant T, we have to

1. see that it is a transition invariant

Base Case: V1Si§k:VSo,...,Si:( /\ ||_(Sj) /\ RL(Sj,Sj+1)):>T(So,Si)

O<j<i O<j<i

Step Case: Vs,So,...,Sk: (IL(S) AT(s,50) A IL(sj)) A RL(Sj,Sj+1)) = T(s,5¢)
0<j<k 0<j<k
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Method 2: General Validation Framework

Given a candidate transition invariant T, we have to

1. see that it is a transition invariant

Base Case: V1Si§k:VSo,...,Si:( /\ ||_(Sj) /\ RL(Sj,Sj+1)):>T(So,Si)

O<j<i O<j<i

Step Case: Vs,So,...,Sk: (IL(S) AT(s,50) A IL(sj)) A RL(Sj,Sj+1)) = T(s,5¢)
0<j<k 0<j<k

2. see if it is well-founded: two approaches
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Method 2.1: Validation with Decreasing set of reachable states

Idea: Show that there exists a ranking function for T, without actually
constructing it’.
Decreasing set of reachable states:

TLotan, R, Shoham, S.: Implicit rankings for verifying liveness properties in first-order logic. In: Proc. TACAS. pp.
375-395. Springer (2025) [10]
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Method 2.2: Validation with Verification

Idea: Encode T as a program and prove that it is terminating with any

software verifier.

Marek Jankola

int main() {
int x = nondet();
int y = nondet();
int xPrev = nondet();
int yPrev

nondet();

while ((T(xPrev, yPrev, x,vy))) {

xPrev = Xx;
yPrev = vy;
x = nondet();
y = nondet();
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Method 2.2: Example

Running example: T(s,s') =s(i)—s(j) > s'(i) - s'(j)

Marek Jankola

1
2
3
4
5
6
7
8
9

10
1
12
13

int main() {

}

int i = nondet();
int j = nondet();
int iPrev = nondet();
int jPrev = nondet();

while ((iPrev-jPrev>i-j)) {
iPrev = i;
jPrev = j;
i = nondet();
j = nondet();
}
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Experimental Setting

Verifier Termination argument Method

CPACHECKER [2]-TRANSVER [5]
UAuTOMIZER [8]-TRANSVER safety invariant of the reduction 2
GOBLINT [14]-TRANSVER

CPACHECKER lexicographic ranking function 1

Validator Validation approach Method

CPACHECKER-TRANSVER . - .
transformation to a reachability witness 1

UAUTOMIZER-TRANSVER

CPACHECKER-decreasing decreasing set of reachable states 2.1

CPAcHEcker-simplifying verification of a program encoding T 2.2
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Results

Verifier Witnesses Validated \Validator Validated
CPACHECKER-TRANSVER 262 (107)!
UAUTOMIZER UAUTOMIZER-TRANSVER 350 -
389 375 (96 % .
[EC (96 %) cPAcHecker-decreasing 205  (28)!
CPAcHecker-simplifying 147 (10)!
CPACHECKER-TRANSVER 155 (3)!
GOBLINT UAUTOMIZER-TRANSVER 128  (5)!
286 176 (62 % .
VAT ( ) CPAcHEcker-decreasing 85 (0)
CPAcHEcker-simplifying 85  (0)
CPACHECKER-TRANSVER 131 (32)!
UA -T V 253 0
CPACHECKER 422 366 (87 %) | o OMZERTIRANSVER (©)
CPAcHECKER-decreasing 273 =
CPAcHECKErR-SimMplifying 261 -

In green: tasks validated by the validator but not verified by its corresponding verifier

Marek Jankola
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Conclusion

We presented:

- a termination witness format based
on transition invariants,

« ways to express popular termination
arguments as transition invariants,

- three orthogonal validation
techniques,

- and evaluated them in multiple Paper [4]
state-of-the-art tools.
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